ON EMBEDDINGS OF SPACES OF BIVARIATE 
FUNCTIONS OF BOUNDED p- VARIATION 



M. LIND 

Abstract. We obtain sharp estimates of the Hardy- Vitali type 
total p- variation of a function of two variables in terms of its mixed 
modulus of continuity in L P ([0,1} 2 ). We also investigate various 
embeddings for mixed norm spaces of bivariate functions whose 
linear sections have bounded p-variation in the sense of Wiener. 



1. Introduction 

Consider a 1-periodic function / on the real line and let 1 < p < oo. 

A set n = {xq, xi, x n } such that 

Xo < Xi < ... < x n = Xq + 1 
will be called a partition. Set 

'n-l \ l /P 



v p (f;Tl)= ^|/(x fc+1 )-/(^)P 



\j v-^fc+i; ~~ j v^fe; |P 

,fc=0 

We say that / is of bounded p- variation (written / G V p ) if 

v P (f) = sup v p (f;Tl) < oo, (1.1) 
n 

where the supremum is taken over all partitions II. For p — 1, this 
definition was given by Jordan, and for p > 1 by Wiener (20] ■ Sub- 
sequently, other extensions of the concept of bounded variation have 
been considered by many authors, see, e.g., [2j [121 US] 

We denote by L p ([0, l] n ) (1 < p < oo) the class of all measurable 
functions / on R n that are 1-periodic in each variable and satisfy 

p=([ |/(a;)| p ^ < oo, l<p<oo, 
\J[o,i] n J 
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or H/lloo = esssup xe[01] „ < oo for p = oo. For / G L p ([0,l] n ) 

and h G R n , set 

A(h)f(x) = f(x + h)-f(x). (1.2) 
The L v -modulus of continuity of / is defined as 



w(/;<J) p =sup||A(A)/|| p> 0<8<1. 

\h\<5 



;i.3) 



In the one- dimensional case, the relationship between integral smooth- 
ness and variational properties of functions has been studied for a long 
time; we refer to [11] and the references given therein. In |llj . the fol- 
lowing result was proved. Let / G L p ([0, 1]) (1 < p < oo) and assume 
that 

ml dt 

r 1 / p u(f;t) P j<oo. (i.4) 

Then / is equivalent to a continuous 1-periodic function / G V p . More- 
over, 



< A 



+ 



VP Jo 



1 t-^Mf-^j 



and 



v P (f) < A 



PP Jo 1 . 



(1.5) 



(1.6) 



where A is an absolute constant and p 1 = p/(p — 1). 

Inequalities of the type (11.51) and (II. 6p were obtained much earlier 
by Geronimus [6] and Terehin [18] respectively. The novelty of the 
above estimates is that the constant coefficients in them have the sharp 
asymptotic behaviour as p — > 1 and p — > oo. 

One of the main objectives of this paper is to to study the relations 
between integral smoothness and variational properties of functions of 
two variables. 

Several definitions of the concept of bounded variation in higher 
dimensions have been suggested, we refer to [1] for an overview of some 
classical extensions. For more recent developments, see, e.g., [1] and 
the references given therein. 

A set M = {(xi,i/j) : < i < m, < j < n} of points in R 2 such 
that 

x < Xi < ... < x m = x + 1, 2/0 < 2/i < ••• < Vn = Vo + 1, 

will be called a net. Let 1 < p < oo and let the function f(x,y) be 
1-periodic in both variables. For a fixed net Af, we denote 



A/fo, Vj) = f(x i+1 ,y j+1 ) - f(x i+1 ,yj) - f{x { , y j+1 ) + f(x u yj), 
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for < z < m — 1, < j < n — 1, and 

/m-l n-1 \ VP 

\ j=o j=0 / 

The space V p consists of all functions that satisfy 

tf(/) = snp^(/;A/-)<oo, (1.7) 

A/" 

where the supremum is taken over all nets A/". 

If f(x, y) is 1-periodic in both variables and x G R is fixed, then the 
x-section of / is the 1-periodic function f x defined by 

fM = f(x,y), 

The ^/-sections of / are defined analogously. 

(2) (2) 

The space Hp C Vp consists of all functions that, in addition to 
(II. 7ft . also satisfy the following conditions on their sections: for any 
x,y G R, we have f x , f y G V p . Observe that the class Hp contains 
only bounded functions, while a function in V p may be unbounded. 

For p = 1, the definition (I1.7P was given by Vitali, and Hardy was 
the first who considered the class H^ (see, e.g., [IJ). For p > 1, the 

f2l ('2,') 

classes and ifp were first defined and studied by Golubov [?]. 
Let s, t G R. We shall use the following notation. 

A(s,t)f(x,y) = 

f{x + s,y + t)-f(x + s, y) - f(x, y + t) + f(x, y). (1.8) 

For 1 < p < oo and / G L p ([0, l] 2 ), the mixed LP -modulus of continuity 
is defined by 

u(f;u,v)p= sup \\A(s,t)f\\ p . 

0<s<u, 0<t<v 

It was proved by Golubov [7] that if / G Vp 2 ^ (1 < p < oo), then 

oj(f;u,v) p <v^(f)u 1 / p v 1 ^. (1.9) 

We prove (Theorem 14.11 below) that for p — 1, the converse is also 
true: if u;(/; m, f )i = 0(uv), then there exists / G such that f = f 
almost everywhere, and moreover, 

v i (/) = SU P • 

u,v>0 UV 

This result is a two-dimensional analogue of a classical theorem of 
Hardy and Littlewood [51 Theorem 24]. For p > 1, the condition 
uj(f;u,v) p = 0(u l l p v l l p ) does not imply that / is equivalent to some 
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function in V p (this follows from corresponding result in one dimen- 
sion) . 



Let/GLP([0,1] 2 ) 
W) 

and 

K P U) = 



1 < p < oo) and denote 



o jo 



(uv) 



-i/p ft , dudv 



U V 



1 dt 
r^K/;f,l) P + w(/;M)p]y 



Then we have K p (f) < 4I p (f)/p' (see (12.111) below). One of the main 
results of this paper is the following: if I p (f) < oo holds, then there 
exists / G V p such that / = / almost everywhere. Moreover, we have 
the estimate 



,(2), 



v p -Kf)<A 



u{f;l,l) p + —K p {f) + 



pp 



pp 



;i.io) 



where A is an absolute constant. We show that the constant coefficients 
in (ll.lOp have the optimal asymptotic behaviour as p — » 1 or p — > oo. 

We also consider a two-dimensional analogue of ( 11. 5p . Potapov [TU 
[T5| [T6] obtained estimates of the L°°-norm of a function in terms of its 
mixed ZAmodulus of continuity (see also [H]). However, the behaviour 
of the constant coefficients in these estimates were not investigated. 
We study this problem in Section 3 below. Observe first that for / e 
L p ([0, l] 2 ) (1 < p < oo), the condition I p (f) < oo alone is not sufficient 
to ensure that / G L°°([0,1] 2 ). Indeed, if f(x,y) = g(x,y) + </>(x), 
then I p (f) = Ip(g), but <ft is an arbitrary function (in particular, <fi can 
be unbounded). However, we prove below that if we in addition to 
Ip{f) < 00 a ls° assume that 



W) 



f\-^u;(f;t) p ^ <oo, 
Jo 1 



then / is equal almost everywhere to a continuous function, and there 
exists an absolute constant A > such that 



< A 



+ —J P (f) + 



pp 



1 

pp' 



W) 



AAV. 



holds. In the same way as in the estimate (jl.lOp . the constant coeffi- 
cients of (ll.lip are optimal. 

Let / be a given function and define the functions 



¥>i[/](aO = Mfx) and ipi[f](y) = 



5 



In [I], it was proved that if / G H{ z \ then (pi[f),ipi[f) 6 This 
result led us to consider the following mixed norm spaces. Let f(x,y) 
be 1-periodic in both variables. For 1 < p < oo, define 

<Pp\f\( x ) = Mfx) and Mf}(y) = Mfy)- 
We denote by V p [ V p ) the collection of all functions / such that 

W p (f) = v p (<p p [f\) + vMf}) < oo. (1.12) 

The result of [1] mentioned above states that the embedding H{ C 
V\ [ V\ ] holds. It is natural to consider the relation between V^, [ V^, ] 

(2) 

and Hp for p > 1. Here, the situation is different. We prove by 
direct constructions (see Proposition 15.21 and Theorem I5.4p that for 
1 < p < oo, 

V p [V p \tH® and H&> £V P [V P ]. 

We also prove that if I p (f) < oo and J p (f) < oo holds, then / is equal 
a.e. to a function / e V p [V p ] such that 

(f-l,l) p + ±^K p (f)+(—) /„(/) , 

where A is an absolute constant. This is a complement of inequality 

Acknowledgments. This work was completed under the supervi- 
sion of Professor V.I. Kolyada, to whom the author is very grateful. 

2. Auxiliary results 

We collect some results on moduli of continuity. Let / G L p ([0, l] 2 ). 
Then u(f] 5) p is nondecreasing and 

25) p < 2w(/; 5) p , < 5 < 1/2. (2.1) 

Similarly, for a fixed v G [0, 1], u;(/; u, v) p is nondecreasing in the first 
variable and 

u{f;2u,v) p < 2ou(f;u,v) p , < u < 1/2. (2.2) 
Consequently, we have 

<»(f;ui,v)p< 2 u(f;u2,v) Pt 0<M2 < Mi < L (2 . 3) 

Ml U 2 

Similar relations hold with respect to the second variable v for a fixed 
u G [0,1]. 

Let h G M, we shall use the following notations. 

Ai(/i)/(x, y) = f(x + h,y)- f(x, y) (2.4) 



W p (f) < A 
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and 

A 2 (h)f(x, y) = f(x, y + h)- f(x, y). (2.5) 
The mixed difference (II. 8B can be written as an iterated difference 

A(s,t)f(x,y) = A 1 (s)A 2 (t)f(x,y) = Ai(s)A 2 (t)f(x, y). 
From here, 

\\A(s,t)(Mh)f)\\ P = \\A 1 (s)A 1 (h)A 2 (t)f\\ P - 
Applying the triangle inequality, we obtain the second estimate of the 
next lemma (the first inequality is proved similarly). 

Lemma 2.1. Let f e L p ([0, l] 2 ) (1 < p < oo) and h e R. Then 

^(Ai(h)f; 5) p < 2 min{u;(/; 8) p , u(f; h) p }, (2.6) 

and 

u}(A 1 (h)f;u,v) p < 2mm{u(f;u,v) p ,u(f; h,v) p }. (2.7) 
Similar estimates also hold if we consider A 2 (h)f . 

Let / G L p ([0, l] 2 ) (1 < p < oo). We recall the notations 

f 1 dt 
J P (J)= / t-^uU;t) p -, (2.8) 
Jo 1 

f 1 dt 
K P U)= / r^[u{f-t,l) p + u{f-l,t) p ]-, (2.9) 



t 

/,(/) = / / {uvy^U-U^--. (2.10) 



J 

and 

' 1 '' 1 dudv 



JO 



U V 



Let / e L p ([0, l] 2 ) (1 < p < oo), then we have 



< Vp(/)- ( 2 - n ) 

Indeed, by (E3D 

j p (/) = {Sl v ~ 1,p WU 'T )p dv ) du 

> I [ u- 1/p_1 w(/;«,l) p tZ« / ?T 1/p £fo. 
2 Jo Jo 

Thus, 

t-^Mf\t,i) PT <-W). 

T p 



Similarly, one shows 



C 1 dt 9 

/ t-v* u (j^,t) p - < ~I P (J), 

Jo t p 
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and ( 12. lip follows. In the same way, one demonstrates that 

u(f;l,l) p <-^I p (f). (2.12) 

Denote by £q([0, l] 2 ) the subspace of L p ([0, l] 2 ) that consists of func- 
tions / such that 

/ f(x,t)dt= [ f(t,y)dt = 
Jo Jo 

for a.e. x,y G R. Observe that every function / G L P ([0,1] 2 ) can be 
written as 

f(x,y) = f(x,y) + + Mv)> a - e - (^2/)eM 2 , (2.13) 
where / G Lg([0, l] 2 ). Indeed, let 

<k{x)= [ f(x,t)dt, (2.14) 
Jo 

Mv)= f f(t,y)dt- [[ f(s,t)dsdt. (2.15) 
Jo JJ[o,i} 2 

Then the function 

f(x,y) = f(x,y) - 0i (x) - fa(y) 

belongs to L£([0,1] 2 ). 

It was proved in [16] that if / G Lg([0, l] 2 ), then 

5) p < 3[w(/; 5, l) p + 1, 5) p ], < 5 < 1. 

Whence, it follows that if / G ^([0, l] 2 ) (1 < p < oo), then 

J P (f) < 3K p (f). (2.16) 

We shall also need some results on the L p -modulus of continuity for 
a function of one variable. The first result is well-known (see, e.g., [10] 
for a proof for functions on the real line; the proof in the periodic case 
is the same). 

Lemma 2.2. Let f G L p ([0, 1]), 1 < p < oo. Then 

u{f;5) p <^J S \\A{t)f\\ p dt, 5G(0,1], (2.17) 
and consequently, 

f t- l 'Mf; t) P % < 3 f rVv\\Ht)f\\ P T- ( 2 - 18 ) 
Jo t Jo 1 
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Let / G L p ([0, 1]) (1 < p < oo) and denote 

(jf £ \f(x) ~ f(y)\ P dxdy^j ^ . (2.19) 

Then 

fip(/)<w(/;l) p <2n p (/), (2.20) 

see [Til p.589]. 

If f(x, y) = g(x)h(y), then for all p > 1, there holds 

«f(/)=«pUHW, (2-21) 

and 

u)(f;u,v) p = u)(g;u) p u)(h;v) p , u,ve[0,l). (2.22) 

Recall that when defining the class if p (see the Introduction), we 
require in addition to (\1.7\i also that the sections f x , f y G V^, for all 
x, y e R. However, it is sufficient to assume that that there exists at 
least two values £o,2/o £ R such that /(a?o, -),f(-, yo) £ Vp. Indeed, it 
is easy to show that for p > 1 and any x-section / x , we have 

^(/»)<^ 2) (/) + «p(/-o). 

and similar inequalities hold for the ^-sections. 
The next result is due to Golubov [8]. 

Lemma 2.3. Assume that f e Lq([0, l] 2 ) and let 

F(x,y)= [ f f(s,t)dsdt. 
Jo Jo 

Then 

v?\F)= [ [ \f(x,y)\dxdy. (2.23) 
Jo Jo 

Remark 2.4. The condition / G Lq([0, l] 2 ) is imposed to assure that 
F is 1-periodic in both variables. 

We shall also need the following lemma, which is a special case of a 
Helly-type principle proved in [9]. 

Lemma 2.5. Let {/„} be a sequence of functions in H{ . Assume that 
there exist xo,yo G R and M > such that the estimate 

vf\fn) +vi(f n (.,y )) +v 1 (f n (x ,-)) + \fn(x ,y )\ < M 
holds uniformly in n. Then there exists a subsequence {f nj } that con- 

(2) 

verges at every point to a function f G H{ . 



3. Estimates of the L°°-norm 
Below, we shall use the notations (12. 8 j) and ( 12. 10D . 

Theorem 3.1. Let f £ £ p ([0, l] 2 ) (1 < p < oo) and suppose that 

J p (f) < oo and J p (/) < oo. (3.1) 

Then f is equal a.e. to a continuous function and 

2 



< A 



P + — f J P (f) + (—) W) 

pp' \pp J 



(3.2) 



where A is an absolute constant. 



Proof. Assume that ( 13. ip holds, we shall first prove the estimate (13.21) . 
For each x £ [0, 1], we apply (II. 5p to the x-section f x . Using also ( I2.18p . 
we have 



||/x||co< A 



\\fx\\ P + —, f v-V^WAWUpdv 
PP Jo 



where A(v)f x (y) = f(x,y + v) - f(x,y). Put 

a ( x ) = \\fx\\p, Pv(x) = \\A(v)f x \\ p , 

and 



By© 



l r 1 

$(x) = a(x) + — / v-V^faWdv. 
PP Jo 



oo = ess sup H/alloo < Aesssup$(x) 

0<a;<l 0<x<l 



We shall estimate ||$||oo- By (I1.5P and ( 12. 18j) . we have 



l$IL < A 



1 Z" 1 
Jo 



(3.3) 



(3.4) 



(3.5) 



(3.6) 



(3.7) 



where A(u)<&(x) = $(x+m) — <$>(x). It follows easily from the definitions 
(E3D that 



and 



\\ a \\p = \\f\\p, \\ A ( u ) a \\p < u(f;u) p , 
\\Pv\\p < w(/;v) p , ||A(ii)/3„|| p < u(f;u,v) p . 



(3.8) 
(3.9) 
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We estimate both terms of (13.71) . starting with By Minkowski's 

inequality and the left inequalities of (13 .8p and (13. 9p . we get 

11*11, < + (jf 1 v- 1/p - l P v (x)dvJ dx) ^ 

< \\f\\p + —, I' v- 1 ^ 1 ( I' (3 v (xYdx) IP dv 
PP Jo \Jo J 

^ imip+^w)- (3.io) 



We proceed to estimate ||A(w)$|| p . Put 

I{x) = f v- l ' p - x p v {x)dv. 



Then, by Minkowski's inequality and the right inequality of (13.81) 

||A(«)$|| P < || A(u)a\\ p + ±\\A(u)I\\ p 

pp' 

< co(f;u) p +— / \\A(u)I\\ p . (3.11) 
pp 

Further, since 

\I(x + u)-I(x)\< [ v- x/p - x %{x + u) -p v (x)\dv, 



we get after applying Minkowski's inequality that 

V 

)\dv I da 



1 / pi \P\VP 

\\A(u)I\\ p < ( / / v- l /v- l \A{u)p v {x)\dv) dx) 



\J0 / 

< [ v- 1/p - 1 \\A(u)f3 v \\ p dv. (3.12) 
Jo 

By (13.111) . (I3.12p and the right inequality of (13. 9p . we have 

|| A(u)$\\ p < u(f; u) p + —f v-^uif; u, v) p dv. (3.13) 

PP Jo 

Now, Q follows from (^B|l . fl3T7j) . flBTTUj) and f l3~T3|) . 

We now prove that / agrees a.e. with a continuous function. To do 
this, it is sufficient to show that u(f; 5)^ — > as 5 — > 0. Fix 5 £ (0, 1], 
then 

w(/;5)oo< sup ||A 1 (/i)/|| 0O + sup UA^/O/IU 

0</i<5 0</i<5 
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where Ai(h)f, A 2 (h)f are defined by ( 12. 4p and ( 12. 5ft respectively. For 
h G (0, 5], we have by that 



|Al(M/lloo< A 



|Ai(/i)j% + —J p {Ai(h)f) + f -L) J^A^/i)/) 
pp \PP J 



By using Lemma I2.1[ ( 12. ip and (12. 2p , we get for any < h < 5 

f s dt 

j p (A!(fc)/)<c / r^wC/jt),-, 

Jo t 

and 



i p {A x {h)f)<c f [ (H _1/ M/;^) ? 

Jo Jo 

for some constant c that is independent of 5. It follows that 



v u 



lim( sup HAiM/Hoo) =0. 

In exactly the same way we can show that 

lim( sup ||A 2 (/i)/|| 00 ) =0. 

0<h<8 

Hence, lim^o 5)oo = 0. This concludes the proof. □ 

Corollary 3.2. Let f G L p ([0, l] 2 ) (1 < p < oo) and assume that 
Ip{f) < °°- 27ien t/iere exist a continuous function g G £o([0, l] 2 ) and 
univariate functions <f>i,<p2 such that 

f(x,y) = g(x,y) + M x ) +<h(y), 
for a.e. (x, y) el 2 . 
Proof. By (12.131) . we have 

/0, 2/) = f(x, y) + (j)i{x) + (f> 2 (y) 

for a.e. (x, u) G M 2 , where / G L p ([0, l] 2 ). We shall prove that / is 
equal a.e. to a continuous function g. Clearly I p (f) = I p (f) < oo, and 
since / G Lg([0, l] 2 ), we also have J p (f) < oo, by (12TT6D and (jgXQ) . 
The result now follows from Theorem 13.11 □ 



4. Estimates of the Vitali type p- variation 

In this section we shall consider the relationship between mixed in- 
tegral smoothness and the Vitali type p-variation. 
In the case p = 1, we have the following theorem. 
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Theorem 4.1. Assume that f G -^ 1 ([0, l] 2 ) and that 

u(f',u,v)! = 0(uv). 

(2) 

Then there exist a function g G H\ and univariate functions 0i,02 
such that for a.e. (x,y) G R 2 ; 

f(x,y) = g(x,y) + M x ) + My)- 

Moreover, 

(2)/ x u(f;u,v)i , , 

v\ >{g) = sup . (4.1) 

u,v>0 uv 

Proof. We may without loss of generality assume that / G £j([0, l] 2 ). 
For nGN, denote 

-l/n pl/n 

f n (x,y) = n 2 



/ / f(x + s,y + t)dsdt. 
Jo Jo 



We shall first prove that 



v\ Un) < sup . (4.2) 

u,v>0 UV 

Observe that 

f n (x,y) = / D 1 D 2 f n (s,t)dsdt-f n (x,0)-f n (0,y) + f n (0,0) 
Jo Jo 

= F n (x,y)-f n (x,0)-f n (0,y) + f n (0,0). 
Moreover, D x D 2 f n {s,t) = n 2 A{l/n,l/n)f{s,t). Thus, by fl2~23|) . 

v?\fn) = v?\F n )=n 2 I ! \A(l/n,l/n)f(x,y)\dxdy 

Jo Jo 

w(/;m,w)i 
< sup . 

u,v>0 UV 

This proves (14. 2L 

Let E be the set of Lebesgue points of /. Since M. 2 \ E has Lebesgue 
measure 0, there exist (x ,y ) G E such that the sections 

E(x ) = {y G R : (x Q , y) G E} and E(y Q ) = {x G R : (x, y ) G E}, 

have full measure. That is, 

mesi(R \ E{x Q )) = mesi(R \ E(y )) = 0, (4.3) 

where mesi denotes linear Lebesgue measure. For nGN, define now 

9n(x,y) = f n (x,y) - f n (x,y ) - f n (x ,y) + f n (x ,y ). 
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For each n G N, we have g n (x,yo) = g n (xo,y) = for all x, y G 
Thus, by (TO) . 



«i (fln) +vi{g n (;y )) +v 1 (g n (x , •)) + |flw(x ,yo)| = 

w(/;u,«)i 



u l (fl'n) = ^(/n) < SUp 
«,u>0 



,(2)/ 



UV 



(4.4) 



By Lemma I2.5[ there is a subsequence <7„ . that converges at all points 

to a function g G H\ . On the other hand, by (14. 3 j) and Lebesgue's 
differentiation theorem, for a.e. (x, y) G IR 2 there holds 

1/) = /fa, 2/) - /(s, Vo) ~ f(x , y) + f(x , y ). 

Take 4> x {x) = f(x,y ) and <p 2 (y) = f(x ,y) - f(x ,y ), then f(x,y) = 
g(x, y) + 0i (ar) + 2 (l/) fc> r a.e. (ar, y) G IR 2 . 

We now prove (14. ip . Since g n . converges to g at all points, it follows 
from (jOp that 



^! 2) (^) < ^(flnj < SUp 
u,v>0 



,(2), 



On the other hand, since f = g a.e., we have for any u, v G [0, 1] 

by (11.91) . Whence, supa>(/; u, v)x/uv < v{ (g). This proves (14.11) . □ 

Recall the notations (J23D and (ElDjl . 

Theorem 4.2. Le£ / G L P ([0,1] 2 ) (1 < p < oo) and assume that 
Ip(f) < °° ■ T/ien i/iere exzsts a continuous function g & Hp and 
univariate functions <f>i,<p2 such that for a.e. (x,y) G IR 2 , we have 

f(x,y) = g(x,y) + (f) 1 ( x ) + My)- ( 4 - 5 ) 

Moreover, 



vf\g)<A 



u(f,l,l) P +^K p (f)+(—) I p (f) 
pp \pp J 



(4.6) 



where A is an absolute constant. If f G Lq([0,1] 2 ) ; then we may take 
0i = 02 = in M.5fy . 

Proof. By Corollary 13.21 there is a continuous function g G £q([0, l] 2 ) 
such that 

f(x, y) = g(x, y) + 0i(a?) + <p 2 {y) 
for a.e. (x,y) G M 2 (if / G Lg([0,l] 2 ), then X = 2 = 0). We shall 



prove that g G H } 



(2) 
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Take any net 



and set 



Clearly, 



M = {{x u y s ) :0<i<m,0<j <n}, 



9i{y) = g[x i+1 ,y) - g{xi,y), o < % < m - 1. 



' m—l n—1 



l/p 



'm-l n-l \ 1 / p 

^2^2\9i(Vj+i) -9i{Vj)\ P 



i=0 j=0 
f m—l 



1/p 



\i=0 

By (HU) and (I27L8]) . we have for < i < m - 1 

v p (g i )<A(u(g i ;l) p + — / f v-V^WAtyfaWpdv) , 



VP Jo 

where A(v)gi(y) = g { {y + v) - g^y). Set 

■ l 



I; 



v-^W^g^dv. 



By gSJ and fTCT]) . we have 



'm—l 



l/p 



< A 



. i=0 



m-l \ 1 / p 1 /m-l 



i/p- 



Denote g y>v (x) = g(x, y + v ) - g(a;, y). Since 



1 /•! 




\9i(y + v) - gi(y)\ p dydv, 



o ./o 



we have 



m—l 



nl m-l 
|ft(2/ + u) - 9i(y)\ p dydv 
i=0 

nl m-l 
V |Ptf,*(aCi+i) - 9yA x i)\ Pd y dv 



1=0 



'0 ^0 
1 /•! 



< 




v p (g yjV ) p dydv. 



o ./o 
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Further, by (Ojl . ( EH} and (l2~20l) . we have 



v P {g y ,v) p < A 



Q p (g yjV y + j\^^\\A(t)g y J p dt^ 



pi 



Thus, 



'm— 1 



1/p 



$> P (^) P <A 



i=0 



J \ VP 

%{g y ,v) p dydv ) + 




t/0 



1 /•! / /•! 




VP \Jo Jo \Jo 



p \ 1/p' 
r^WA^gyJpdt) dydv 



Observe that 



1 r i 



(g y 




JO 



thus 



\A(h,v)g{x,y)\ p dxdh, (4.10) 



/ i-i i-i \ 1 /p 

/ / VL p (g y , u ) p dydv I < u(g; 1, l) p . 
v^o Jo J 

Next, by Minkowski's inequality, 

•1 f nl \ 1/P 



'0 ^0 



< t 



-1/p- 1 



1 /•! /•! 




P \ 1/P 

dydv 

i/p 



Jo Jo 
1 



+ £) — g y;v (x)\ p dxdydv j dt 

< y r 1/p_1 ( / w((7; u^du ) dt< j r 1/p - l u(g;t,l) p dt 
Thus, we have 



'm—1 



1/p 



n p (gi) p < A 



i=0 



w(</; 1,1),,+ — K p (g) 
pp/ 



(4.11) 



Now we estimate the second term of (14. 9p . Applying Minkowski's 
inequality, we obtain 



'm-l \ VP x / m _l \ VP 



(4.12) 
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Furthermore 

m— 1 



in,— i „\ /m— 1 \ 

Ell A ^« = / \T,\9i(y + v )-9i(y)\ p )dy 

i=0 J ° \i=0 J 



S v {y)dy. 



(4.13) 



On the other hand, 

m— 1 

s v(y) = Yl \9( x i+i,y + v ) -g(xi,y + v) -g(x i+1 ,y) + g(x i ,y)\ 1 



i=0 
m—l 



E \9yA x i+l) -9yA x i)\ P > 



i=0 



where g y , v ( x ) = q( x jV + v) — g(x,y). Thus, by ( 11.61) and ( 12. 18}) . for a 
fixed y G [0, 1], we have the following estimate 

-1 \ v 



1 



S v (y) < A Q p (g y , v ) + — / u- l/p - L \\A(u)g y>v \\ P du 

PP Jo 



< 2 P A 
Further, by ( jj~T0j) 



PP Jo 



(4.14) 



tt p (g y , v ) p dy < u(g; l,v) 



This inequality, ( I4.14p and Minkowski's inequality yield 



v(y)dy) 



i/p 



< A' 



u(g; l,v) 



+- 



u 



-i/p-1 



PP' Jo 

Since 

m»)9v,v\\ p P 

we obtain from (14.131) and (I4.15P 



i/p 



\\A(u)g VlV \\*dy ) du 



\A(u,v)g(x,y)\ p dx, 



(4.15) 



£ ii^aiis 



< 



. j=0 

< A' 



1 f 1 

u(g;l,v) p -\ / u~ 1/p ~ 1 u{g;u,v) p du 

PP' Jo 
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Integrating this inequality with respect to v and taking into account 
fl£EgD , we have 

i/p 



' m— 1 



< A' 



. i=0 



+ —Ma) 
pp 



The above inequality together with (14. 9 j) and (14. lip yield 



'm— 1 



1/p 



. i=0 



< A' 



i) i)p + —,Kp(g) + (—}) h 
pp \pp j 



(g) 



(4.16) 



The estimate (14. 6 j) follows now from (14 .7p . (I4.16p . and the fact that 
u(g;u,v) p = u(f;u,v) p . 

(2) 

To show that g G i^p , we also need to demonstrate that there exist 
x,y 6 1 such that g x ,g y G Vp. By applying (11.61) and ("12. 18[) to an 
arbitrary a;-section g x , we get 

-i 



v P (g x ) < 



1 f 

\9x\\p-\ t / TT 1 ' p ~ 1 ||A(v)(/ a! ||pdi; 

PP Jo 



A$(x). 



It was shown in the proof of Theorem 13.11 that if J p {g) and I p (g) are 
finite, then $ G L°°([0, 1]). Now, since g G Lg([0, l] 2 ), we have J p (#) < 
12I p (g)/p', by (f27T6|) and (l2TTTj) . Thus, for a.e. x G E, 

u P (#e) < ^4 1| <T> || oo < oo. 

In the same way, we have g y &V P for a.e. y G M. This concludes the 
proof. □ 

Below we shall demonstrate that the estimate (14.61) is sharp in a 
sense. For this, we use the following results. Let 

t n (x) = sin 2imx, 

for fieN. It is easy to show that we have 

n 1/p < v p (t n ) < 2irn 1/p (4.17) 

and 

w(t n ;5) p < 27rmin(l,n5). (4.18) 
Remark 4.3. Let 1 < p < 2, by fl2Tll and (12321) . we have 



c(/;l,l) p + -^(/)<^/ p (/) 
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Whence, for 1 < p < 2, the estimate (14.61) assumes the form 

4 2 \f) < ^fW)- (4-19) 

The constant l/(p') 2 has the optimal order as p — > 1. Indeed, let 
f( x ,y) = tx{x)h(y)i then / G #f } for all p > 1. By fTCTTj) and fl2T2T|) . 

we have (/) > 1 for all p > 1. On the other hand, by (14.181) and 
fT2~22|) . we easily get that I p (f) < Ait 2 {p') 2 for p > 1. This shows that 
the constant coefficient l/(p') 2 at the right-hand side of ( 14.191) cannot 
be replaced with some c p such that lim ^(p') 2 ^ = 0. 

Remark 4.4. Let p > 2, then 1 < < 2 and the estimate (14. 6ft takes 
the form. 



vf\f)<A 



C0(f;l,l) p +-K p (f) + \l p (f) 

p p z 



(4.20) 



We shall prove that the first term at the right-hand side of (14.201) cannot 
be omitted, and that the constant coefficients of the other two terms 
have the optimal asymptotic behaviour as p — > oo. 

Take first f(x,y) = ti(x)ti(y). As above, v < p 2 \f) > 1 for all p > 1 

and thus lim r ^ vj 2) ( f) > 1. On the other hand, by (14181) and ([2I22D , 
we have for all p > 2 the inequalities 

-K P U) < and -zl p {f) < — 

p p p z p z 

This shows that the term u(f; 1, l) p of ( I4.20p cannot be omitted. 

We proceed to show the sharpness of the constant coefficients. For 
fixed but arbitrary 1 < p < oo, let a p , (3 P be any coefficients such that 

vfXf) < A [u(f; 1, l) p + a p K p (f) + (3 p I p (f)} , (4.21) 

holds for some absolute constant A and all (continuous) functions / G 
L p ([0, l] 2 ) with I p (f) < oo. In light of Theorem I4.2[ we may assume 
that a p < 1/p and (3 P < l/p 2 . We shall prove that these decay rates 
are optimal, i.e., that lim^ ^ pa p > and lim^ ^ p 2 (3 p > 0. 

Let f(x,y) = t n (x)ti(y), where n G N is fixed but arbitrary. By 
(T4TT8|) and (12^21 . we have 

u(f; u, v) p < 4tt 2 v min(nu, 1). 

Simple calculations shows that there exists an absolute constant A > 
such that K p (f) < Apn l l p and I p (f) < Apn l / p . On the other hand, by 
(I4.17P and (12.21 j) . we have v^\f) > n l / p . Putting these estimates into 
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(14.2 ip and taking into consideration that (3 P < 1/p 2 yield that for all 
p > 2 and all n £ N, we have 



n 



1/p < A 



where A is an absolute constant. Assume that lim pa p = 0. Then, 
given any e > 0, we may choose r = r(e) such that for all n £ N, there 
holds 

n 1/r < A(l + en 1/r ). 

In particular, take e = 1/(2 A) and choose subsequently n £ N large 
enough to have n 1 /*" > 2A. This gives the contradiction 

n l ' r < A (l + ^ < n 1 ^. 

Whence, lim ^ pa p > 0. To show that lim ^ p 2 /3 p > 0, take f(x, y) = 
t n (x)t n (y) , where n £ N is fixed but arbitrary. As above, we have 

co(f; u, v) p < An 2 min(nf , 1) min(mt, 1). 

Then there exists an absolute constant A > such that K p (f) < Apn 1 ^ 
and I p (f) < Ap 2 n 2 l p . On the other hand, v P 2 \f) > n 2 / p . Putting these 
estimates into (14.211) yields that for all n £ N and p > 2, 

n 2/p <A[1 + 1/p + p 2 f3 p n 2/p ] 

where A > is an absolute constant. Dividing by n l l p and taking into 
consideration that pot p < 1, we see that 

n Vv < A[2+p 2 p p n 1/p l 

for all p > 2 and all n £ N. From here, we can give a proof by 
contradiction of the inequality lim p 2 p > 0, as above. 

Remark 4.5. We shall consider trigonometric polynomials of two vari- 
ables and degree (n,m): 

n m 

T n , m (x,y) = [aj t k cos 2irjx cos 2irky + fc^fc cos 2itjx sin 2irky 

j=0 fc=0 

+ Cj t k sin 2njx cos 2irky + dj t k sin 2irjx cos 2nky]. (4.22) 

Oskolkov [13] proved that for any trigonometric polynomial ( 14. 22ft of 

degree (n, m) and any 1 < p < oo, there holds 

v®(T n>m ) < A(nmY' p \\T nim \\ p , (4.23) 
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where A is an absolute constant. We can obtain (I4.23P directly from 
f)4.6p . Indeed, take any trigonometric polynomial T of degree (n, m). 
The estimate 

u(T;u,v) p <mm(uv\\D 1 D 2 T\\ p ,A\\T\\ p ), u,De[0,l], (4.24) 
is immediate. By using (14.241) . we get 

p 1 / nm p 1 

K P {T) < 2\\D 1 D 2 T\\ P r 1,p dt + A\\T\\ p I r 1/p-1 dt 

J J 1 / nm 

< 2p'(nm) 1/p - 1 \\D 1 D 2 T\\ p + Ap(nm) 1/p \\T\\ p . (4.25) 
It is a simple consequence of Bernstein's inequality (see [3, p. 97]) that 

WD^TWp < 4rr 2 nm\\T\\ p . (4.26) 
By and (14261) . we get 

if p (T) < 127r 2 pp'(^) 1/p ||^llp- (4-27) 

Similarly, by (Oijl . 

rl/n pl/m 

I P (T) < WD^TWj, / / 



+ 4||T|| p / / (uvy^P^dvdu 

J l/n J 1/m 

< (p') 2 {nm) 1 / p - 1 \\D 1 D 2 T\\ p + Ap 2 {nm) 1 / p \\T\\ p . 

By the above estimate and ( 14.261) . we have 

I P (T) < ^(pp'f^nmf^WTWp. (4.28) 

Now, ( 14.231) is derived from ( 14.61) . the estimate co(T; 1, l) p < 4||T|| P , 
(Q7j) and (Q8"j) . 

5. The mixed norm space lp[V^] 

We first give some terminology from the theory of mixed norm spaces. 
Let X, Y be spaces of functions defined on the real line, with norms 
|| • ||x and || • ||y. A function f(x,y) is said to belong to the symmetric 
mixed norm space X [ Y ] if the functions 

x H> \\f x \\ Y and y H> \\f y \\ Y 

both belong to the space X (recall that f x , f y denote sections). 

We shall consider the mixed norm spaces V P [V P ] (1 < p < oo), and 

(2) 

their relation to other classes, especially H p (see the Introduction for 
the definitions). 
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We observe that mixed norm spaces defined in terms of variation have 
been considered earlier. For example, Tonelli introduced and studied 
the space L 1 [ V\ ] in connection with problems of surface area (see pQ). 
Another example is [8] , where the space L°° [ V\ ] was shown to be 
relevant in the study of summability of double Walsh-Fourier series. 

We first remark that V p [ V p ] is not a vector space for any 1 < p < oo. 

Proposition 5.1. There are two functions f and g such that for any 
1 < p < oo, we have f,gEV p [V p ] but (/ + g) £ V P [V P }. 

Proof. Let /, g be functions that are 1-periodic in each variable, and 
defined as follows on [0, l] 2 . Let f(x,y) — 1 if y — x and f(x,y) = 
otherwise. Set g(x,y) = 1 if y = x and x ^ Q, g(x,y) = — 1 if y = x 
and x G Q and g{x,y) = otherwise. Then it is easy to see that for 
any x, y G [0, 1], we have 

Vp [f](x) = v p (f x ) = 2 l ", = Mfy) = 2 1/P - 

Since f p [f], i/j p [f] are constant, they are of bounded p-variation, that 
is, / G V p [ V p ] . In the same way, we have g G V p [ V p ] . On the other 
hand, 

{2 if y = x and x ^ Q, 
if y = x and x G Q, 
otherwise. 

Then <p p [f + g](x) = 2 1+1 / p if x £ Q and <p p \f + g](x) = for x G Q. 
Clearly <p p [f + g] £ V p . J ' ' □ 

We shall consider relations between V p [V p ] and for p > 1. As 
mentioned in the Introduction, for p = 1, we have the strict inclusion 
Hi C Vi [Vi] (see [I]). For p > 1, no such embeddings hold. In fact, 
we shall prove that 

V P lVp}<£K 2) and H ? €V P [V P ] (p>l). (5.1) 
The first relation is almost obvious. 

Proposition 5.2. Let 1 < p < oo, then there is a function f G V p [V p ] 
such that f ^ ifp 2) . 

Proof. Define / on (0, l] 2 

f(xy) = { 1 if °< X ^V^ 1 
jyx,y) i if o < y < x < 1 

and extend to the whole plane by periodicity. It is clear that v p (f x ) = 
v p (fy) = 2 1/p for all x, y. Thus, / G V p [ V p ] for 1 < p < oo. 
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On the other hand, fix n G N and let Af n = {(xi, JJj)}, where 

Xi = L md w = £±i/?, 0<i,j<n. 
n n 

Then 

|A/(x 4)yi )|* = l 

for < i < n - 1, whence, vf\f;M n ) > n x ' p . Thus, / £ ^ 2) . □ 

We proceed to show the second relation of ( 15. ip . We shall use the 
function 

d>(x) = inf \x — k\. 

kei, 

For each n G N, denote (j) n {x) = (p{nx). Then, 

vM = 2^- l n 1 ^. (5.2) 

Define 

g n (x) = 0(2"x-l)x [o ,i](2 n x-l) for are [0,1], (5.3) 
and extend g n to a 1-periodic function. Set also 

oo 

f(x,y) = ^~ n/P 9n(x)^2 n y). (5.4) 

n=l 

Lemma 5.3. Let y',y" G K. and 

^( x ) = /(x,y") - f(x,y'). 

Then 

I oo \ VP 

tfcfo) < 2l/P f E 2 ~^( 2 V) - 0(2V)| P j • (5-5) 
Proo/. For n G N, set a n = 2~ n / p [0(2 n ?/") - 0(2 V)], then 

oo 



9(x) = ^2a n g n (x), 



n=l 



where g n is given by (15. 3ft . Set also I n = [2 n , 2 n+1 ] for nGN. 
Let a' = {n G N : a n > 0}, a" = N \ <r' and 

= ^ a n gn{x) and /i 2 (x) = 2J a n g n (x). 

Then /ii is a non-negative continuous function. Moreover, we have 

/ii(x) =0 if x <£ (J I n , 



23 



and h\ is piecewise linear on each interval I n (n G a'). It is not difficult 
to show that the variational sum v p (hi, IT) is maximal when IT consists 
of the endpoints and midpoints of the intervals I n {n G a'). Thus, 



J P (h) < 2 1 / p - 1 (^2 \a n A 

\n€a> ) 



A similar inequality holds for Vpih^). Hence, 

i/p 



v p 



(g)<v p (h 1 ) + v p (h 2 )<2 1 / p [J2K\ p 



v n=l 

□ 

Theorem 5.4. Let 1 < p < oo, then the function f defined by ( |5.^[ ) 
satisfies f G H p 2 ^ and f ^ V p [ V p } . 

(2) 

Proof. We first prove that / G V p . Fix any net 

N = {(xi,yj) : < % < to, < j < n}. 
For each j G {0, 1, n — 1}, denote 

9j(x) = f(x,y j+ i) - f(x,yj). 

Since 

Af(x i7 yj) = gj(x i+1 ) - gj(xi), 

we get 

m— 1 m—l 

ia/(^,%oi p = E \9iM -Ufa)? < "Mr- 

i=0 i=0 

By Lemma [5.31 we have 

oo 

v P ( gj ) p < 2^2- fe |0(2Vi) " <K#Vj)\ p > 
fc=i 

and thus, 

n— 1 oo 

^A/T < 2^^2- fc |0(2^ +1 ) -0(2 fc y,)l P - 

j=0 fc=l 

Set o"2 = {j : 2~'~ 1 < yj + i — yj < 2~ 1 } for I > 0. Subdividing the above 
sum, we get 



oo oo 

V 

1=0 k=l 



(f;AfY < 2^EE2- fc |0(2^ +1 ) - 0(2^. (5.6) 
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We shall estimate the right-hand side of ( 15. 6ft . Observe that 

\<i>(2 k y j+1 ) - <j>(2 k yj )\ <min(l,2*( % - +1 -%•))■ (5-7) 

Indeed 

|0(2^ +1 )-0(2 fc % )l < Woo = 1/2, 
and, at the same time, 

\<f>(2 k y j+1 ) - <P(2 k y 3 )\ < 2 k (y J+1 - % )||0'|U = 2 fc ( %+1 - % ). 

Fix Z > and let j G 07. By (15.71) . we have 



J]2- fc |0(2Vi)-0(2 fc %)| P < ^2- fc min(l,2 A 



^ 1111X11 i, / 

fc=i fe=i 



< 2~ ip ^2 fc(p ~ 1) + 2~ fc . 

fc=l k=l+l 

Since p > 1, it follows that there is a constant c p > such that 

oo 

jV*|0(2 Vi) - 0(2 fe ^)l P < c p 2-', 
fe=i 

for all j E <Ji. Consequently, for I > 0, there holds 

oo 

^^2- fe |0(2Vi) -0(2 fc % -)l P < ^2-V/i, (5.8) 

j£cr; fc=l 

where |(T/| denotes the cardinality of the finite set 07. To sum up, by 
(15.61) and (15. 8p . we have 

00 00 

1=0 1=0 j£<T l 

(2) (2) 

Thus, f & Vp . To show that / G H p , we must also show the 
existence of xo,yo G K such that f Xo , f yo G Vp. For all a; G K we have 
/(x, 0) = and thus /(-, 0) G V p . Similarly, /(l, y) = for all y G R, so 
/(l, •) G Vp. Thus, / G f4 2) . Show that / £ V p [ Vp]. First, we observe 
that gn{2~ k ) = (n, fc G N). Thus, ^(/J = for x = 2' k (k G N). 
On the other hand, if x = {2'^ + 2" fe )/2 (k G N), then 

Uy) = 2- k /v- 2 <P(2 k y), 

and by (15 ,2p . we have 

v p (f x ) = 2- fc / p -%(0 2 ,) =2^-3. 
Clearly, <^ p [/] ^ Vp, and this shows that / ^ Vp [ Vp]. □ 
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Remark 5.5. One can show that 

H®CL°°[V P ], l< P <oo. 

Moreover, for p > 1, we cannot replace the exterior L°°-norm with any 
stronger V^-norm for 1 < q < oo. Indeed, the construction used to 
prove Theorem 15.41 actually shows that for 1 < p < oo and all q > 1 , 
we have 

HfHv q [v p \. 

Finally, we consider the relationship between mixed smoothness and 
the class V p [ V p ] . The next lemma will be useful in our investigation. 

Lemma 5.6. Let 1 < p < oo and the function f be 1-periodic in both 
variables. Let x',x" G M. be fixed but arbitrary and assume that the 
x -sections f x » , f x > belong to V p . Then 

\Mfx") - v p {f x ,)\ < 2v p (g), (5.9) 

where g(y) = f(x",y) - f(x',y). 

Proof. Denote <p(x) = v p (f x ) and 

d = \ V (x") - <p(x')\. 

Observe that for any x € K. and any partition T = {yo,yi, ...,y n }, we 
have 

/n-l \ 1 /p 

<p{x)> \^2\f(x,y j+1 )-f(x, yj )\Pj =S(x;T). (5.10) 

Assume first that d > and that (f(x") > <f(x'). By f)5.10p . we have 

< d < <p{x") - S(x'; T) (5.11) 
for any partition T. Choose a partition T = {yj : < j < n} such that 

v(x")-^<S(x";F). (5.12) 

By (I5TT1) and (I5TT21 

d < f(x") - S(x'; T) < S(x"; T) - S(x'; T) + ^. 

Whence, 

d<2\S{x";T)- S{x';T)\. (5.13) 

A simple modification of the above argument yields (15.131) in the case 
when <f(x") < <f(x') as well. 
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Now, by Minkowski's inequality, we have 
\S(x";T)-S(x';T)\< 

/n-l \ 1 /P 

\j=0 

< v p (g). 

Thus, by fl5TT3|) . we have d < 2v p (g). □ 

Recall the notations (J233) and (EHO]). 

Theorem 5.7. ylss^me i/iai / G L P ([0,1] 2 ) (1 < p < oo) and that 
I p (f) and J p (f) are finite. Then there exists a continuous function 
f £ [ ] such that f = f a.e., and 

2 



W P U) < A 



oj(f;l,l)p+—Kp(f)+(— f ) Ip(f) 



(5.14) 



where A is an absolute constant and W p (g) is given by U.lfy) . 

Proof. By Theorem 14 .2\ the condition I p (f) < oo implies that 

f(x, y) = g(x, y) + 0i(x) + <h(v), ( 5 - 15 ) 

for a.e. (x, y) G R 2 , where g G and 0i, 02 are given by (I2.14p and 
(I2.15p . Further, it follows directly from the definitions and Minkowski's 
inequality that oj(4>i;S) p < u(f;S) p for i = 1,2. Then, the condition 
J p (f) < oo implies that there exist continuous functions 0i,02 G V p 
such that 

01 (x) = 0i (x), 02 (y) = <fa(y), 
for a.e. x, ?/ G R (see Introduction). We now define 

f(x,y) = g(x,y) + 0i(x) + <fa(y), 

then f(x,y) = f(x,y) for a.e. (x, y) G R 2 . Since (7 G Hp 2 \ all sections 
<?a;> fi'y G Vp, and since 0j G V p i = 1, 2, it follows that / x , f y EV p for all 
x,y G R. Whence, the functions <£>(x) = v p (f x ) and ^(y) = v p (f y ) are 
well-defined and finite. We shall prove that both v p ((p) and v p ( , 0) are 
estimated by the right-hand side of (15.141) . We do this only for v p ((p), 
the argument is the same for v p (i/j). 

Let IT = {xo, Xi, x m } be an arbitrary partition. Fix < % < m— 1, 
by Lemma [5.61 we have 

\(p(x i+1 ) - ^(xi)| < 2v p (/i), 

where fi(y) = f(x i+ i,y) — f(xi,y). At the same time, we have 

fi(y) = 9(x i+1 ,y) - g(x h y) + 0i(x m ) - 0i(x;), 
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whence v p (fi 
v p (cp; n) 



v P (gi 



f m—\ 



where g(x i+1 ,y) - g(xi,y). Thus, 
i/p 



' m—l 



1/p 



By this estimate, (I4.16P and the fact that co(g;u, v) p 
obtain 



u(f;u,v) p , we 



v p (<p) < A 



cu(f;l,l) p +—K p (f) 
pp 



1 

pp' 



□ 



Remark 5.8. The condition J p (f) < oo of Theorem 15.71 cannot be 
omitted. Indeed, in general, the condition I p (f) < oo does not even 
imply that / G L°°([0, l] 2 ) (see the Introduction). On the other hand, 
J p (f) does not appear at the right-hand side of the estimate (15.141) . To 
clarify this, observe that the condition J p (f) < oo is only used to assure 
that the functions 0i, 2 of (15.151) agree a.e. with functions 0i, 2 G V p . 
This is necessary in order for <p(x) = v p (f x ) and if)(y) = v p (f y ) to be 
finite for all x, y G R. However, our reasonings show that 0i, 02 do not 
contribute to the estimate of W p (f) (we do not enter into details). 
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